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SEPARATION SCIENCE, 3(2),  pp. 203-208, April, 1968 

Investigation of Diffusion through 
Packed Beds by a Monte Carlo Method 

M. A. D. FLUENDY and D. S. HORNE 
DEPARTMENT OF CHEMISTRY 
UNIVERSITY OF EDINBURGH 
EDINBURGH, SCOTLAND 

Summary 

A Monte Carlo method is used to study diffusion through packed beds. It is 
found that the distribution remains approximately Gaussian and can be well 
represented by a multiplicative factor y on the free-space diffusion co- 
efficient. For cubically packed beds, y is given to good approximation by 
the Giddings theory. 

INTRODUCTION 

Diffusion through packed beds is of practical importance in 
reactor vessels where diffusion is rate controlling and in gas chro- 
matography where the resolution is in part determined by this 
process. 

Fickian diffusion ( I )  of this type is well represented by a relation 
of the form 

where C is the concentration at x, y, and z and D is the diffusion 
constant (a property of the molecular species involved). In many 
cases this equation can be solved exactly or tackled by conven- 
tional numerical means. The boundary conditions appropriate to a 
packed bed are, however, prohibitive of such methods. In this 
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situation an obstructive factory, defined as 

y = D apparent through bed/D free space (2) 

has been used to describe the influence of the packing. 
An approximate theory developed by Giddings (2) calculates y in 

terms of the porosity and geometry of the packing. This theory is 
consistent with experiment, e.g., Knox (3), although only a small 
range of porosities is accessible experimentally and uncertainties 
in the geometry limit the precision with which comparisons can be 
made. A more accurate test for Gidding’s theory can be provided by 
a Monte Carlo type of calculation (4). This paper reports the results 
of such a computation. 

The diffusion equation (1) can be related to the random-flight pro- 
cess in the limit of sufficiently small steps, as shown by Chandra- 
shekar (5). For a particle in random flight the probability of finding 
the particle in a region between r and r + dr at time t, W(r, t )  dr, 
when it is executing n steps of length 1 per second in random direc- 
tions is 

(3) 

where D = nZ2/6 and r = 0 at t = 0. By making the step length I 
small enough, W(r, t) can be made to mimic the concentration dis- 
tribution obtained by solution of Eq. (1) as closely as desired. The 
Monte Carlo realization of a diffusion process is thus a random flight 
through a suitably bounded space. 

In this article attention is directed particularly at the relative 
rates of diffusion through packed beds as compared to unhindered 
situations, i.e., with y. The number of steps executed per second 
may therefore take the arbitary value of unity. The diffusion con- 
stant is most readily calculated from the variance, d, of the distance 
diffused r. 

Since 

W(r,  t )  dr = NT2 exp (-lr12/4Dt)/2rr1/2D3’2t3’2 dr 

d=;j-  ( P ) Z = ; j  ( P =  0) 

1AC exp(-P/4Dt) dr ?C exp(-T2/4Dt) dr 

where C = 47rn / (4~Dt )~ ’~  

i.e., y = u2 for obstructed flight/d? for free-space random flight. 

# = 6Dt 
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THE MODEL 

In this application the model resembles the physical situation 
rather directly. A series of particles are allowed to execute random 
flights from a point source by making a sequence of steps on a cubic 
lattice. Thus the coordinates of the particle may change by +Ax, 
+Ay, and +Az with equal probability; only one coordinate is 
allowed to change at each step. The packing is represented by 
regions of space which are excluded to the flight. A particle attempt- 
ing to step into such a region on the ith step is returned to its posi- 
tion at the end of the (i - 1)th step, and the step is counteradvanced 
by 1 to i. In the present work the regions of excluded space were 
represented by spheres arranged on a regular cubic lattice and were 
not randomly packed, although this is not a necessary restriction of 
the method. After each step has been made, the distance of the 
particle from the origin of diffusion (Ri) is calculated and running 
estimates of /& I  and @ are maintained. At the end of each compu- 
tation @ was plotted against i to yield a straight line with a gradient 
of 6yD. 

RESULTS 

The plots of vs. the number of steps from which y was calcu- 
lated were found to be accurately linear and yielded values for the 
obstructive factor in good agreement with those calculated from 
plots of IRI vs. i. Satisfactory convergence in was obtained after 
approximately 1500 random flights had been executed, and calcu- 
lations with different random-number sequences then agreed to the 
precision suggested by the sample standard deviations. The circles 
in Fig. 1 represent 95% confidence levels calculated from sample 
standard deviations. Another source of error arises from the finite 
size of the steps taken in the flight. To check this point, a number of 
calculations were repeated using a step of half the usual size. These 
gave essentially identical results except in the region of 0.5 and 0.8 
porosity, where they showed rather better agreement with the 
Giddings theory. The relatively large error in the longer step-length 
calculations at these porosities is due to sharp changes in the 
number of lattice paths through the most constricted region be- 
tween the packing spheres. This is purely a feature of the lattice 
idealization and has no counterpart in the physical diffusion pro- 
cess being modeled. 
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FIG. 1. Plot of obstructive factor vs. porosity for diffusion through a cubic 
lattice of packing beads. Open circles, 10 steps per lattice cell; closed 
circles, 20 steps per lattice cell. Dashed curve calculated from Giddings’ 

theory. 

From Fig. 1 it is seen that the Giddings theory is in good agree- 
ment with these calculations. Indeed it appears that a simple extra- 
polation would yield equally good results in the low-porosity 
region where the overlapping spheres produce a honeycomb-like 
void space. 

In Fig. 2 a typical histogram shows the distribution of particles in 
shells of radius T to r +  1 after diffusing for a specified time. In 
Fig. 2(c) the number of particles in each shell is normalized by the 
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FIG. 2. Particle distribution after diffusion through packing of 0.47 porosity 
for 700 steps. (a) Percent occupiable space; (b) shell distribution, i.e., 
number in each shell; (c) number in each shell normalized to the available 

space. Solid curve calculated using y D ;  dashed curve using D. 
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space available for occupation in that shell [Fig. 2(a)]. The bimodal 
behavior in the uncorrected distribution is thus very largely due to 
simple exclusion effects. In terms of concentration in “solvent” 
space, the observed distribution is quite closely represented by a 
modified Gaussian using yD rather than D as the diffusion constant 
in Eq. (3). The assumption that the effect of packing on diffusion 
can be represented in this fashion by a multiplicative factor is 
therefore supported. 
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